y? = 4x
dy

2°t—=4
dx

dy
2 —~ =1.
At(1,2), ™ 1

Therefore, the slope of the tangent line at (1, 2) is 1
and the equation of the normal is
y—2
x—1
The centres of the two circles lie on the straight line
x + y = 3. Let the coordinates of the centre of each
circle be (p,q) = (p,3 — p). The radius of each
circle is 3V2. Since (1, 2) is on the circumference
of the circles,

(p-17+@-p-22=r
PP=2p+1+1=-2p+p2= (3V2)*

20 —4p +2 =18
pP-2p-8=0

=-lorx+y=3.

pP-p+2)=0
p=4 orp=-2
g=—-lorg=>5.
Therefore, the centres of the circles are (—2, 5) and
(4, —1). The equations of the circles are
(x+2)+ (y— 50 =18 and
(x— 47+ (y +1)? =18,

l.a. e 4m/s?

b. % = —3 m?/min.

c.—i—j = 70 km/h when ¢ = 0.25

dx

¢E=%

e. % = % rad/s

2.7(x) = lzf(iz

a. % =2m/s

Find % whenx = 5m:
Tx) = 123(1-2

=200(1 + x?)"

dT(x) g dx

= — + e

" 2001 + x%)22x
__—400x  dx
(1+x)? dt

At a specific time, when x = 5,
dT(5) _ -400(5)

d— (26) @
_ —4000
T 676
~ —1000
T 169
ar(s) .
T = =509,

Therefore, the temperature is decreasing at a rate of
5.9°C/s.

b. To determine the distance at which the temperature
is changing fastest, graph the derivative of the
function on a graphing calculator. Since the
temperature decreases as the person moves away
from the fire, the temperature will be changing
fastest when the value of the derivative is at its
minimum value.

For Y1, enter nDeriv( from the MATH menu. Then
enter 200 [£35] (14X, X, X).

Hinimum
H=.57734784 Y=-125.9037

The temperature is changing fastest at about 0.58 m.
¢. Solve T"(x) = 0.

—400x
TO =G ay
T'(x) = —400(1 + 2% — 2(1 + x2)(2x)(—400x)
1+ %
Let 7" (x) = 0,
~400(1 + x?) + 1600x2(1 + x2) = 0.
Divide,
400(1+x) - (1+x?)+4x2=0
=1
1
v
=7
1
TV

x> 0orx =058
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d 16
Z- 3y @ =0
5
=2
3 -6
Equation of the tangent at Q is ‘;—_a =Zor

2x — 3y + 10 = 0 or equation of tangent at 4 is
x=4.
14.

1_y2ok

and b # 0.

At P(a, b),
dy b

dx a

At point P(a, b), the slope of the tangent line of

xy = P is the negative reciprocal of the slope of the
tangent line of x*> — y? = k. Therefore, the tangent
lines intersect at right angles, and thus, the two
curves intersect orthogonally for all values of the
constants k and P.

15. Vx + Vy = Vk
Differentiate with respect to x:
1, 1.4
o
dy__Vy
de Vi
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Let P(a, b) be the point of tangency.
dy Vb

& Va

Equation of tangent line [ at P is
y-b_ Vb

x—a Va

x-intercept is found when y = 0.

-b Vb

x—a Va
-bVa = -Vbx + aVh
_aVb+bVa
TTTVE

. . aVh + bVa
Therefore, the x-intercept is H—T

For the y-intercept, let x = 0,
y=b__Vb

—a -\/E'

. aVh
-1 e o=y
y-intercept is 7 b

The sum of the intercepts is
aVh + bVa + aVh + bVa
Vb Va
@bt + 2ab + big}
atbt
_ atbi(a + 2VaVh + b)
o atpt
=a+2VaVb +b
= (a} + biy?
Since P(a, b) is on the curve, then

Va+ Vb = Vk,ordt + bt = K.

Therefore, the sum of the intercepts is = k,

as required.
16.

x+y=-=3



| [ 7. leen circle with radius r, 2= = 2 9. )
3. Given square X E_s cm/s. 5. Given rectangle y radus r, 6 km/h S S
= j I_ Fmd - when A = 97 km?.
i1l Pt
X dx x = 7r? y -7
— =2cm/s LT
Find % when x = 10 cm. dt ﬂ = gwﬂ e
a dy dt dr Lo~
Solution dat —3cm/s When A = 97, ]
Let the side of a square be x cm. ) 97 = 772 Let the variables represent the distances as shown
A=qx2 Fmd; when x = 20 cm and y = 50 cm. 2= on the dmgmm.
2 -2
dA dx Solution =3 xtHyt=r
— Zx_
dt dt A=xy r>qQ zx;jﬂJrzﬂ:z,ﬂ
At a specific time, x = 10 cm. dA _ d.x dy Whenr = 3, t di dt
o dA dx dy dr
dA—2(10)(5) o ar’” 2o x?+y—=r—
Ats spec1ﬁc time, x = 20, y = 50, dt o Tdt dt
=100 A _ . 6 = 2 (3% x =30,y =40
Therefore, the area is increasing at 100 cm?/s dr (2)(a0) + (=3)(20) ( )dt = 30° + 402
when a side is 10 cm. =100 — 50 dr -1 r=30
P=4x = 40. a7 dr =g & dx 10
apr - dx Therefore, the area is increasing at a rate of 40 cm?/s. Therefore, the radius is increasing at a rate of 2 — km/h. di -~ dr
dt dt 6. Given circle with radius r, 8. Let x represent the distance from the wall and y  30(10) + 40(0) = SO(dr)
At any time, Z = 5, a_ i the height of the ladder on the wall. d
P dt dt ) A ar_g
dr Ve e
ac 20. a.Find ; when r = 3m. Theref hdl
erefore, i
Therefore, the perimeter is increasing at 20 cm/s. A=nr & oy she must let out the fine at a rate of
4. leen cube with sides x cm, ;iﬁ = 5cm/s. dA _ 27rr£ y r 10.
a. Fmd when x=5cm: dt dt
When r = 3, r
V= xs dr Y.
,fiv _ 3xz;i£ -5= 27(3); -
! t dr “5 2 4 2= ,2
At a specific time, x = 5 cm. S Y= 915 m
’ i 6m P INP. SN Label di
= = 3(572(4) Therefore, the radius is decreasing at a rate of & /s dt Y Ty 2 =]a‘ng f:";;;fhown'
whenr =3 m. dx  dy _ dr d g
= 300 bF‘dQ h -3 xz+yE— T zr_r=2yﬂ
Therefore, the volume is increasing at 300 cm?/s. - Find S when r= 3. d dt dt
nd &S dD _ dr Whenr =5,y =3, &
b. Find — when x = 7 cm. ==y 2295 L) 3
dt dt “dt a=a-1 dt Var
S = 6x? =16
ds dx 2(6 5) x=4 When y = 1220, % = 268 m/s.
— T = =
i lzxdt =5 x=4,y=3r=5 r=V1220% + 915?
At a specific time, x = 7 cm, = ‘3: ;’2 = l i’ =0 = 1525
. . . t 3 dt : d
%E =12(7)(4) T;herefore, the diameter is decreasing at a rate of Substituting, 1525(#) = 1220 X 268
= 336. 5;111/5 4<1) + 3 Q) = 5(0 dr _
Therefore, the surface area is increasing at a rate of 3 dt © a 214m/s
336 cm? /s. Q _ i Therefore, the camera—to—rocket distance is
dt 9 changing at 214 m/s.
Therefore, the top of the ladder is sliding down at
4 m/s.
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11.

Starting i
point

& _ s km/h
dt
dy

=L = 20km/h
a /

Find dr whent=2h.
dt

Solution

Let x represent the distance cyclist 1 is from the start-
ing point, x = 0. Let y represent the distance cyclist
2 is from the starting point, y = 0 and let 7 be the
distance the cyclists are apart. Using the cosine law,

rz=x1+y2—2xycos%

»
=x2+y2—2xy(—2—)
r=xt+y*—xy

dr _dx . dy [dx dy]
Ay Pt Zy 4

aTFa Yy @

Atr—Zh,x—Bka,y=40km

and r* = 30 + 402 — 2(30)(40) cos 5

1
= 2500 — 2(1200)(—2-)
= 1300

=10V13,7 > 0.
2(10\/E)—‘l%
= 2(30)(15) + 2(40)(20) — [15(40) + 20(30)]
20V13 % = 900 + 1600 — [600 — 600)

= 1300
dr _ 130

at 2\/

\/13
_ 65V13

13
=5V13

Therefore, the distance between the cyclists is
increasing at a rate of 5V'13 km/h after 2 h.
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4
12. Given sphere V = 37>

dv 3
o 8 cm/s.
a. Find 71% when r = 12 cm.
v=2ur
av
= rZ_
i =47

Ata spec1ﬁc nme, when r = 12 cm:
dr
= 2
8 = 47 (12) o

d
8= 47r(144)7:

1 _dr
27 dt’
Therefore, the radius is increasing at a rate of
1
o cm/s
b. Find E when V = 1435 cm®.
V= _i'rrr:4
av _
. rZ__
.

Ata spemﬁc ume, when V = 1435 cm?:
V = 1435

gﬂﬂ = 1435
= 342.581 015
= 6.997 1486
=7
d
8= 477(7)2—’
dr
8= 196
2 _dr
497 dt
00 =%&
ar

Therefore, the radius is increasing at 7z~ cm/s
(or about 0.01 cm/s).
c. Find [—Z whent = 33.5s.
When ¢ = 33.5, v = 8 X 33.5 cm®:
%’rn’q = 268
r* = 63.980287 12

r = 3.999 589 273

=4,
4
V= S'nr:‘
av dr
I 471rzz
Att=1335s,
8= 417(4)2115
dr
8= 647TE
1 _dr
8r dt

Therefore, the radius is increasing at a rate of
1

7 °m/s (or 0.04 cm/s).

13. Given cylinder

«2m—
V=ar’h
dv X
Z= 500 L/min
= 500000 cm/min
dh
Find o
= 77r2h

Smce the diameter is constam at 2 m, the rachus is
also constant at 1 m = 100 cm.

V =100007h
av dh
- 10 DOO‘HE

500000 = 10 0007!’%

S0 _ dn
T dt.
Therefore, the fluid level is rising at a rate of
2 em/min.
Find ¢, the time of fill the cylinder.
V=arh
V = 7 (100)*(1 500) cm?
V = 150 000 007 cm?

Smce —; = 500 000 cmm®/min, 1t takes 15 000 0007

= 3011' min to fill

= 94.25 min.

Therefore, it will take 94.25 min, or just over 1.5 h
to fill the cylindrical tank.

14. There are many possible prob]ems

Samples:

a. The diameter of a right-circular cone is expanding
at a rate of 4 cm/min. Its height remains constant at
10 cm. Find its radius when the volume is increasing
at a rate of 80w cm?/min.
b. Water is being poured-into a right-circular tank at
the rate of 127 m3/min. Its height is 4 m and its
radius is 1 m. At what rate is the water level rising?
¢. The volume of a right-circular cone is expanding
because its radius is increasing at 12 cm/min and its
height is increasing at 6 cm/mm Find the rate at
which its volume is changing when 1ts radms is
20 cm and-its helght is40 cm.
15. Given cylinder

—

d=1m

h=15m
£=0.003m/year Fo 3

~dt

h
i 0.4 m/year

Find %’ at the instant D = 1
V =ar’h

% (27rr—)(h) + (%)(WZ).

At a specific time, when D = 1;ie,r = 0.5,
av ‘
@ 27(0.5)(0.003)(15) + 0.47(0.5)%
= 0.0457 + 0.17
= 0.1457
Therefore, the volume of the trunk is increasing at a
rate of 0.1457 m?/year.
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16. Given cone

«5cm—

I

15cm
J

r=>5cm
h=15cm
dv

£Y o Sicidmi
i cm3/min

Find % when h = 3 cm,

V= %'n'rzh.

Using similar triang]es,i =5=1
_h

r= —3‘

Substituting into V = imr?h,

V= lw(hg )h

-1 s
—277rh
4 _1,h
dt dt

Ata spemﬁc time, when & = 3 cm,
=1 _aypdh
2= 91r(3) o
2 dh

@

Therefore, the water level is being lowered at a
2 . . .

rate of p cm/min when height is 3 cm.

17. Given trough

Elcm /5 m
dv m’
— = 0. 25—
dt
Fmd when h=10cm
= 0.1 m.
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Since the cross section is equilateral, V = XL

g]:-
SE

7:1:

At a specific, time when h = 0.1 = 75,
10 1 dh

TNVE10
0.25\/_=—l—
V3 _dn

4 dt
Therefore, the water level is rising at a rate of
% m/min.
18.
’-~\

1 T
N

% = 120 m/min

dx
Find—d— whent=35s.
Let x represent the length of the shadow. Let y
represent the distance the man is from the base of

the lamppost. Let h represent the height of the
lamppost. At a specific instant, we have

h

AN

—x+y —>

Using similar triangles,

x+y 12
h 18
22 _2
h 3
2h = 6.6
h=33

Therefore, the lamppost is 3.3 m high.

At any time,

x+y 2
x 1.8
x+y 11
x 6
6x + 6y = 11x
6y = 5x
b _ i
dat “dr

At a specific time, when ¢ = 5 seconds

ly _ :
% = 120 m/min,

Using the Pythagorean theorem,

GH? = HD? + DG? and HD? = CD? + CH?
GH? = CD? + CH? + DG?

Since BG = CD and FE = GD = &, it follows that

GH? = BG* + CH? + ——
2500
d
Z(GH)ﬁ(ZH) 2 BG)d(BG) 5 CH)d(CH)
Atr=10s,
GHd(GH) = <(60) + —(20)

V6331 d(GH) 100

dx
6 X120 = SE 40 a 9
ar " d(GH) _ _45000
2 = 144 dt V6331
Therefore, the man’s shadow is lengthening at a rate 1678,
of 144 m/min after 5 s. 1 y?
19. This question is similar to finding the rate of SpdGH"= ( ) ( ) 5)
change of the length of the diagonal of a rectangular 1 1 :
prism. Y
. 36 324 2500
! F _ 911664 ;
i : e . 29160000
E GH? = 113958
W 364 500
P E _ 6331
ck D ' ' 202500
o 20 - V6331 _ V13 x 487
m = o0 km 450 450
1 Therefore, they are separating at a rate of
= km approximately 62.8 km/h.
. aGn) 20. Given cone
Find 2 att=10s,

-1 1
“ 360" i i h
Let BG be the path of the train and CH be the path '
of the boat: ar=h
d(BG) d(CH) Lan 200
SA), — —== =20
i = 80%m/h and === < 20 ke, dr
= 180 cm?/s
Att = ﬁh 36—6())(ﬁ Fmd whenh—lScm
=-;—km V=§vrrzhandr=h
1 V= L
and CH = 20 X — = gl
o) dv _ dn
1  kracdd]
= km. dr h dt

12

_ry
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At a specific time, 7 = 15 cm.
dh
= 2
180 = 7 (15) a
dh_ 4
dt 5
Therefore, the height of the water in the funnel is
increasing at a rate of % cm/s.
dv 5
b. - =200 cm /s

Find 2 when = 25 cm.

At the time when the funnel is clogged, & = 25 cm:
dh
= 2—
200 = 7 (25) 7

dn_ 8
dt 257

Therefore, the height is increasing at % cm/s.
21. y

ain 2\

{0, 2y}

Mlx, y)
[1 X
oy Al2x, 0)

Let the midpoint of the ladder be (x, y). From
similar triangles, it can be shown that the top of the
ladder and base of the ladder would have points
B(0,2y) and A(2x, 0) respectively. Since the ladder

has length [,
() + () =P
4x? + 4y = P2
B+ = £
4

2
= (%) is the required equation.

Therefore, the equation of the path followed by the
midpoint of the ladder represents a quarter circle

with centre (0, 0) and radius é, withx, y = 0.

Calculus and Vectors Solutions Manual

Alg, 0)

Let P(x, y) be a general point on the ladder a
distance k from the top of the ladder. Let A (a, 0) be
the point of contact of the ladder with the ground.
- . a_x xl
From similar triangles, 7=zora=7
Using the Pythagorean Theorem:

y*+ (a — x)* = (I — k)?, and substituting a = d

%
2
y2+<x;l—x> = (- k)?
— 2
)’2+x2(1 kk) = (- k)

AT
¢ k)xz+yz=(i—k)2

xz

2
y
—_— + D
(- k)
Therefore, the equation is the first quadrant portion
of an ellipse.

= 1 is the required equation.

Derval
1. A natural logarithm has base e; a common

logarithm has base 10.
1
2. Since ¢ = lim (1 + h) leth = 2 Therefore,

. 1Y
e=11m<1 +_)
1,0 njs
n
1
Bulas;—a(),n—wo.

n
Therefore, e = lim (1 + ;1l—> .

now
100
= = 4 —
Ifn=100,e <1 100)
=1.01'%
= 2.70481.
Try n = 100 000, etc.



